Abstract. I present a class of examples of CR-submanifolds of manifolds endowed with different structures, obtained as level sets of momentum maps associated to specific Hamiltonian actions.
arising whenever one has a manifold structured as above and a group action giving rise to a momentum map.
Structured manifolds and Hamiltonian actions
2.1. Definitions and results. Let (M, g, F ) be a (semi-)Riemannian manifold endowed with a 1-1 tensor field F compatible with g in the following sense: g(X, F Y ) + g(F X, Y ) = 0.
In other words, I require that ω(X, Y ) := g(X, F Y ) be a 2-form. I shall suppose ω of maximal rank.
I call such a triple a structured manifold. Note that no integrability of F is required. Obvious particular cases are:
• almost Hermitian manifolds (F 2 = −1); • almost contact manifolds (F 2 = −1 + η ⊗ ξ, where η and ξ are dual with respect to g and F ξ = 0); • f -manifolds (F 3 + F = 0); • almost product manifolds (F 2 = 1 and g has non-trivial index).
A submanifold N of a structured manifold M is called a CR-submanifold if its tangent bundle splits into two orthogonal distributions D and D ⊥ such that:
Traditionally, the name CR-submanifold is reserved for a Hermitian ambient, contact-CR or semi-invariant are the corresponding names in almost contact manifolds etc.
Suppose G is a (connected) group of automorphisms of a structured manifold as above with Lie algebra g. This means that G acts by isometries and the flow of any fundamental field induced by the action commutes with F : L X g = 0 and L X F = 0 for any fundamental field X, where L X denotes the Lie derivative on the direction X. I shall say that such a group contains automorphisms of the structure.
Suppose, moreover, that this action has an associated equivariant momentum map. This means the existence of a map µ : M → g * satisfying the following two conditions:
(1) dµ(ζ) = ζ M ⌋ω, where ζ ∈ g and ζ M is the induced fundamental field. (2) µ(a · x) = a · µ(x), where the left-(resp. right-) hand side · represents the action of G on M (resp. the coadjoint action on g * ).
If ω is closed, the existence of the momentum map is equivalent with the action being (strongly) Hamiltonian. But there are cases in which a momentum map exists even if the 2-form is not closed: this happens, for example, on locally conformal Kähler manifolds (cf. [Gini-Ornea-Parton] ), on contact and Sasakian manifolds (cf. [Drȃgulete-Ornea] ). Even more radical a situation appears when one drops up even the existence of g, like in Joyce's constructions of hypercomplex quotient ( [Joyce] ).
If a momentum map exists, one can prove, by just slightly generalizing the symplectic and Kähler situation, the following Proposition 2.1. Let (M, g, F ) be a structured manifold, G a connected group of automorphisms of the structure. If an associated momentum map exists for which 0 ∈ g is a regular value, then µ −1 (0) is a CR-submanifold of (M, g, F ).
Proof. Note first that X ∈ T x M is tangent to µ −1 (0) if and only if dµ(X) = 0, hence, by the definition of the momentum map, if and only if ω(X, ·) = 0.
If G·x represents the orbit of G through x, then it easy to see that there exists the orthogonal splitting
with H x F -invariant: indeed this follows from the equivalence X from T x M stays in H x if and only if g(X, Y ) = 0 and
. All in all we have g(F X, Y ) = 0 and ω(F X, Y ) = 0, which proves the assertion.
Remark 2.1. The same proof does not work, in general, for non-zero regular values ζ of µ. But it will work when G ζ = G, in particular for abelian G (cf. [Bryant] for the Kähler case). Another situation when one can work with non-zero regular values is the one described in [Drȃgulete-Ornea]: there, for ζ = 0 in g * , one looks at µ −1 (R + ζ) which proves to be a CR-submanifold.
Remark 2.2. The well-known result stating that the anti-invariant distribution D ⊥ is integrable in l.c.K. (in particular, Kähler) manifolds, cf. [Blair-Chen] , extended afterwards to other classes of ambient spaces, is here a mere consequence of the fact that this distribution is isomorphic with the Lie algebra g: for this class of examples, the D ⊥ distribution is integrable, no matter the integrability properties of the ambient structure. Note that there are examples, cf. loc.cit, where the totally real distribution is not integrable.
Remark 2.3. When the topological conditions in the specific reduction theorems are satisfied, then the reduced space M 0 inherits the structure of M and the natural projection µ −1 (0) → M 0 becomes a CR-submersion, see [Kobayashi] for the Kähler case, [Drȃgulete-Ornea] for the Sasakian one.
Remark 2.4. The CR-submanifolds of this type are generic in the sense that
x and also in Chen's acception: the F -invariant distribution D is the maximal one with this property. But if one is able to consider non-zero reduction, as in [Drȃgulete-Ornea] (see Remark 2.1), the resulted CR-submanifolds are no longer generic.
Remark 2.
5. An open and challenging problem is to describe properties of these CR-submanifolds (as they are usually studied in submanifolds theory) in terms of properties of the action. If the action satisfies the good topological assumptions in order that the quotient exist, this amounts to describing (Riemannian) properties of the quotient in terms of group action. But this setting is more general, the quotient might not exist, not even as an orbifold; in this case one would have to deal with distributions and transverse geometry.
Remark 2.6. The result also shows a less obvious relation between CR-submanifolds and symmetries of a structured manifold. In principle, the larger the automorphism group and the larger the number of its subgroups, more chances for the existence of CR-submanifolds. On the other hand, clearly there exist CR-submanifolds which are not level sets of momentum maps.
2.1.1. Action by conformalities. A more general situation (from the viewpoint of the group action) is the following. Let (M, F, g) be a structured manifold such that ω is locally conformal with a closed form (this is equivalent with the existence of a closed 1-form θ such that dω = θ ∧ ω). For the moment, mainly are studied the locally conformal Kähler (l.c.K.) and locally conformally cosymplectic (l.c.c.) manifolds and their submanifolds. Note that on the universal cover of such a manifold, the pull-back metricg is globally conformal with a metric h whith closed fundamental form.
One can slightly modify the above procedure to obtain examples of CR-submanifolds. The change consists in allowing the group G act by conformalities (not mere isometries) and define an appropriate "twisted Hamiltonian" action (this amounts to replacing the operator of exterior derivative d with d θ := d + θ∧ and accordingly modifying all definitions; see [Gini-Ornea-Parton] and [Gini-Ornea-Parton-Piccinni] for details in the l.c.K. case). As above, one may prove: Proposition 2.2. Let (M, F, g) be a structured manifold such that ω is locally conformal with a closed form and let G be a connected group acting by conformalities preserving F . If the action is twisted Hamiltonian with momentum map µ, then µ −1 (0) is a CR-submanifold of (M, F, g).
2.2.
Compatibility among various types of CR-submanifolds. Much studied in the literature is the following situation: LetM be a Sasakian manifold with regular Reeb field ξ and M = M/ξ its Kähler base, π the canonical projection (a principal S 1 fibration). IfÑ is a submanifold ofM which fibers in circles over a submanifold N of M , thenÑ is a contact CR-submanifold if and only if N is a CR-submanifold. Various other properties of the two can now be related.
This picture naturally appears also in our setting. Let π :M → M be a submersion between structured manifolds, commuting with the respective structure tensors (such a map is sometimes called (F , F )-holomorphic) . Suppose G is a group of automorphisms of both structures, commuting with π and providing respective momentum mapsμ and µ. We then haveμ = µ • π and it can be easily shown that π restricts to a submersion between the CR-submanifoldsμ −1 (0) and µ −1 (0). 2.2.1. Action by conformalities. Let now (M, g, F ) be a structured manifold with fundamental form locally conformal with a closed one. We let G be a (connected) group of conformalities preserving F acting on M . LetM be a cover of M on which θ is closed (in particular,M can be the universal cover, but it is not necessary). Let alsoG be a lift of G toM (see [Gini-Ornea-Parton-Piccinni] for a thorough discussion of the existence and properties ofG) and letG 0 be its identity component.
The following result was proven in [Gini-Ornea-Parton] for l.c.K. manifolds, but it can be extended immediately to other structures: Proposition 2.3. In the above setting, if the action of G on M is twisted Hamiltonian, then the action ofG 0 onM is Hamiltonian with respect to the metric h. In particular, a twisted Hamiltonian action by conformalities lifts to a Hamiltonian action by isometries.
Hence, starting with a twisted Hamiltonian action on (M, g, F ), with momentum map µ, one obtains a Hamiltonian action on (M , h, F ) with momentum mapμ. One then has a CR-submanifold µ −1 (0) in M a CR-submanifoldμ −1 (0) inM and it is easily seen that:
Proposition 2.4. The coveringM → M restricts to a coveringμ −1 (0) → µ −1 (0) of CRsubmanifolds.
Some examples
1. Any real hypersurface of a structured manifold is a (trivial) example of CR-submanifold, with 1-dimensional distribution D ⊥ .
1.1. In [Grantcharov-Ornea] examples of this kind in Sasakian manifolds are obtained using circle actions. For example, acting on S 2n−1 with its standard Sasakian structure as follows:
with integer weights λ a , the momentum map is µ(z) = λ a |z a | 2 . To have a non-empty level set, one assumes the weights do not have all the same sign. In general, it is not an easy task to determine (at least up to homeomorphism) the level set. If λ 0 = · · · = λ k = a > 0 and λ k+1 = · · · = λ n−1 = −b < 0, then it is easy to identify µ −1 (0) with the product S 2k+1 ( a/a + b) × S 2(n−k)−1 ( b/a + b) which becomes a CR-submanifold of S 2n−1 . [Gini-Ornea-Parton] to CR-submanifolds of l.c.K. manifolds, specifically of Hopf manifolds.
Similar computations lead in

1.
3. An example where the ambient space is para-Hermitian (metric almost product) appears in [Konderak] . On R n × R n with coordinates (x j , y j ) one considers the almost product structure given by F = (∂y j ⊗ dx j + ∂x j ⊗ dy j ) and the pseudo-Riemannian metric (dx 2 j − dy 2 j ). The associated 2-form is closed. Now one acts with (R, +) by (t, (x, y)) → (x cosh t + y sinh t, x sinh t + y cosh t). The momentum map is µ(x, y) = (x 2 j − y 2 j ) and the hypersurface µ −1 ( 1 2 ) ∼ = S n−1,n is a CR-submanifold. 2. A non-trivial example of CR-submanifold in the standard Sasakian sphere S 4n−1 , associated to the SU(2)-action given by right multiplication appears in . In quaternionic coordinates, the momentum map µ :
The zero level set can be seen to be the homogeneous manifold SU(n + 1) SU(n − 1) , which is thus a CR-submanifold of the sphere.
3. Another non-trivial example produced by a weighted action of T 2 on S 7 appears in [Drȃgulete-Ornea] . Let S 7 be endowed with the standard Sasakian structure and act on it with T 2 as follows:
where λ 0 , λ 1 are some real weights. The momentum map, written as a linear map on R 2 is:
and its zero level set is S 3 .
4. According to Remark 2.1, in the Sasakian case one is also able to perform non-zero reduction. Several examples of this type are given in [Drȃgulete-Ornea] using actions of T 2 on spheres. For example, using different actions of T 2 on S 7 one explicitly obtains the following (non-generic) CR-submanifolds:
• S 3 . Here the action is ((e it 0 , e it 1 ), z) → (e it 0 z 0 , e it 0 z 1 , e it 1 z 2 , e it 1 z 3 ), the momentum map is µ(z) = (|z 0 | 2 + |z 1 | 2 , z 2 | 2 + |z 3 | 2 ), · and ζ = (1, 0), · . This example can be generalized to obtain CR-submanifolds of S 2n−1 .
• S 5 . Here the action is ((e it 0 , e it 1 ), z) → (e it 0 z 0 , e it 1 z 1 , e it 1 z 2 , e it 1 z 3 ), the momentum map reads mu(z) = (|z 0 | 2 + |z 1 | 2 , z 2 | 2 + |z 3 | 2 ), · and ζ = (0, v), · ).
, an open submanifold. Here the action is ((e it 0 , e it 1 ), z) → (e −it 0 z 0 , e it 0 z 1 , e it 1 z 2 , e it 1 z 3 ), the momentum map is µ(z)
the λ ′ s being the weights of the action, see above.
Remark 3.1. In all the examples concerning Sasakian ambient spaces, the Reeb field is tangent to the constructed CR-submanifold. Moreover, all the considered actions commute with the Reeb field (which, for the standard Sasakian structure of the sphere is regular) and hence, according to Section 2.2, the quotient by the Reeb flow of the CR-submanifolds of the form µ −1 (0) are CR-submanifolds of the complex projective space.
5.
Let T 2 act on C 4 by ((s, t), z) → (s m tz 1 , tz 2 , sz 3 , sz 4 ).
One easily verifies that the action is Kählerian with respect to the standard complex structure and the Fubini-Study metric (in fact, this is the action that produces as symplectic quotient the Hirzebruch surfaces, cf. [Audin] ). The momentum map is
and one may verify that (r, 1) ∈ R 2 = (t 2 ) * is a regular value for µ provided 0 = r = m. Hence, for r > m, µ −1 (r, 1) is a 6-dimensional CR-submanifold of C 4 (cf. Remark 2.1).
6. Let (C n+k ) k be the space of complex matrices of type (n+k, k) endowed with the symplectic form ω(X, Y ) = ImTr(X t Y ). The group U(k) acts naturally on this space with momentum map µ(A) =Ā t A (identifying u(k) * with the space of Hermitian matrices). The level set µ −1 (Id) is identified with the Stiefel manifold V k (C n+k ) (cf. [Audin] ) which is thus a CRsubmanifold of (C n+k ) k .
7.
Other examples can be extracted from hyperkähler reductions, fixing one of the Kähler structures of the ambient manifold. Here is one of them (cf. [Gibbons-Rychenkova-Goto]), appearing in the generalization of the Taub-Nut metric. Let M = H n ×H n with (quaternionic) coordinates (q a , w a ). We consider it as a Kähler manifold with respect to the flat product metric and the complex structure given by the left multiplication with i. Let G = R n = {(t j )} acting on M as follows: q a → q a e ita , w a → w a − λ
where (λ b a ) is a real non-degenerate (m, m) matrix. The action is Kählerian (in fact, hyperkählerian) and the momentum map with respect to the chosen complex structure is the i component of the following map:
µ a (q a , w a ) = 1 2 q a iq a + 1 2 λ b a (w b −w b ), a = 1, . . . , n. Note that the conjugation is the quaternionic one. The zero level set is then a CR-submanifold.
